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Abstract

A dimension is—roughly—a way of varying with respect to a kind. For
example, hue is a dimension of color. This paper develops a systematic
analysis of the dimension relation. The core idea is that for a property
D to be a dimension of a property F is for the space of D-values to be a
quotient of the space of F-values. A quotientis a universal mathematical
operation that involves collapsing some distinctions while preserving
some structure. I explain how this analysis yields intuitive verdicts and
recovers a variety of structural principles connecting dimensions and
their kinds. Then I argue that the dimension relation is the “metaphys-
ical dual” to the parthood relation, and I develop an important but un-
derexplored distinction between dimensions and “parameters.”
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Introduction

A dimension is—roughly—a way of varying with respect to some kind.! As examples,

consider the following statements:>

HUEis a dimension of COLOR.

SPEED is a dimension of VELOCITY.
LONGITUDE is a dimension of GEOLOCATION.
TIME is a dimension of SPACETIME.

N

EXTRAVERSION is a dimension of PERSONALITY.

The concept DIMENSION shows up in all sorts of contexts: ordinary discourse, scientific
models, and nearly every area of philosophy. Within recent philosophical work, dimen-
sions have played prominent roles in metaphysics, mind, ethics, aesthetics, language,
and history.’ If we were to rank structural concepts by how universal or flexible they are,
then DIMENSION would rival canonical concepts such as LOCATION, MAGNITUDE, Or PART.*

Yet surprisingly, there has been little philosophical work on dimensions. While
the concept is frequently used, it’s rarely analyzed. This leaves a lacuna in the literature.
What, exactly, do we mean when we say that some D is a dimension of some F?

If our use of ‘dimension’ were undisciplined and unsystematic, then that ques-
tion might not even be worth investigating. If a definition of ‘dimension’ could be of-
floaded to another field—such as mathematics or physics—then there may be no need
for philosophical analysis. But I'll argue that the subject-matter of dimensions is ripe for
philosophical exploration and promising in its payoffs. The goal of this paper is to de-
velop an analysis of dimensions that’s intuitive, natural, formalizable, and fruitful.

! Other terms with nearby meanings include ‘degrees of freedom’, ‘direction of movement’, ‘parameter’,
‘coordinate’, ‘variable’, and ‘aspect’.

2 There are some important differences across these examples. But I've purposefully chosen a diverse
sample to illustrate the target relation. In some of my other work—especially on dimensionalization—I
explore some of the relevant differences.

3 As examples, see Funkhouser [2006] (determinables), Green [2020] (the perception-cognition border),
Kulvicki [2020] (pictorial semantics), Hedden & Munoz [2024] (value), Hedden & Nebel [2024] (social
choice theory), Mason [2025] (fittingness of emotions), Strawson [2025] (physical reality), White [2025]
(aesthetic judgment), Maley [2026] (analog representation), Melamedoff [2026] (Spinoza’s metaphys-
ics), Jacobson [forth.] (valence), Kirby [forth]. (aesthetics), and D’Ambrosio & Stoljar [ms] (conscious-
ness).

*In 86, I argue that dimensions and parts stand in a “duality” relationship: each is a basic way of extract-
ing something simple from something complex. This provides a more concrete justification for taking

DIMENSION and PART to be of equal metaphysical significance.
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My central idea is that for a property D to be a dimension of a property Fis for the
space of D-values to be a quotient of the space of F-values. A quotient—informally—is a
way of simplifying a structure by collapsing distinctions. I'll argue that this analysis sat-
isfies a number of desiderata for a theory of dimensions, and I'll identify a deep connec-
tion between the dimension relation and one of the most general concepts in mathe-
matics.

Here’s the plan: 81 clarifies the target sense of ‘dimension’, §2 outlines some
structural principles as desiderata for a theory of dimensions, 83 explains how partitions
are a useful tool for thinking about dimensions, §4 develops the core theory of dimen-
sions as quotients, 85 discusses formal properties of the dimension relation, 86 argues
that there’s an elegant “metaphysical duality” between the dimension relation and the
parthood relation, 87 distinguishes multidimensionality from other kinds of “multiplic-
ity structures,” and §8 draws a philosophically significant structural distinction be-
tween dimensions and “parameters.” The APPENDIX explains—in mostly informal

terms—the mathematical relationship between quotients and partitions.

81  The Target Concept

Let’s start with a basic distinction (I'll henceforth use ‘wrt’ for ‘with respect to’):

a dimension of F a way of varying wrt

the dimensionality of F the number of ways of varying wrt F
This distinction in terminology maps to a distinction in questions:

ways-of-varying; What is it for some D to be a dimension of some F?

n-dimensionality: What is it for some F to be n-dimensional?

This paper focuses principally on the ways-of-varying question. In other work, I
examine the n-dimensionality question in detail. These questions, of course, interact
with each other—and I'll discuss some of those interactions later in this paper. But the
questions can also be investigated separately, and my answer to the ways-of-varying

question won’t depend on any particular answer to the n-dimensionality question.
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When we talk about dimensions and dimensionality, we’re typically talking
about properties.’ For example, hue (a property) is a dimension of color (a property),
and color is three-dimensional (a property of a property). This makes the following line

of reasoning tempting:

(1) Dimensions are properties.
(2) Kinds are properties.
(3) Dimensionality is a property of properties.

Hence, (c) Dimensions are properties of properties.
But this inference is incorrect. Consider:

Observation: Hue is a dimension of color. But hue isn’t a property of color. Instead,
it’s a property of colored things. When we say that D is a dimension of
F, We aren’t committing ourselves to the claim that F itself has a D-
value, but instead to the claim that the bearers of F-values are also

bearers of D-values.®

For any property F, the values of F are the ways of being F. For two individuals to
differ with respect to F is for them to differ in their F-values. I'll assume the values of F
are its maximal determinates. For example, the values of color are maximally determi-
nate colors (redss, greeny, etc.).’

The values of any property generate a space, meaning a set (whose elements are
the values) equipped with some structure (capturing relations such as similarity and
magnitude). For example, the similarity relations between colors and the magnitude re-

lations between masses determine the structures of color space and mass space. These

*I'll assume that kinds are determinable properties. But my arguments work even if we assign kinds (or
dimensions) a different ontological status. For example, we also sometimes ascribe dimensions to con-
cepts (COLOR), adjectives (‘colored’), nouns (‘color’), and spaces (color space).

¢ If a property F is itself a property of properties, then any of its dimensions D will likewise be a property
of properties. But this is the exception, rather than the rule.

”The values of F should be distinguished from the realizers of . For example, every color value is multiply
realizable, in the sense that there are multiple distinct microphysical states of affairs that can realize that
color value. If a surface is redss, and we make a minor alteration to the atomic configuration of that sur-
face, then the surface will (probably) still be redss. But this doesn’t mean that redss itself has multiple
values. Those distinct realizers don’t make a difference to the way the surface is with respect to color (even
if they make a difference to the way the surface is with respect to microphysical configuration). Typically,

even the maximal determinates of a property will be multiply realizable.
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spaces can have various kinds of mathematical structures, including topologies, metrics,
algebraic operations, and orderings.® The figure below illustrates the geometry of the

color disk (which captures hue and saturation but abstracts away from brightness):

FIGURE1l: The color disk.

Throughout the paper, I'll sometimes move back and forth between mathemati-
cal and metaphysical language. For example, I'll talk about partitions over properties,
distances between values, and one property being a quotient space of another. This is
common in philosophical discussions of property spaces, and will streamline some of

the prose.

Senses of ‘Dimension’

Since ‘dimension’ is used in a number of different ways, it’s useful to explain how my
target sense of ‘dimension’ (ways of varying wrt some kind) relates to some other uses
of the term.

Spaces: Alongside properties, it’'s common to take the bearers of dimensions to
be spaces. As examples, the real line is one-dimensional, the Cartesian plane is two-di-
mensional, Newtonian space is three-dimensional, and Minkowski spacetime is four-
dimensional. While spaces and properties are distinct ontological categories, there’s a
natural translation scheme when thinking about dimensions. For any space—whether
physical, mathematical, or otherwise—there’s an associated property: namely, location

within that space. The dimensions of a space s thereby correspond to the dimensions of

8 What explains the structure of a property space? On realist views, the structure is grounded in the na-
ture of the property itself. On anti-realist views, the structure is grounded in our representations of the
property. I'll speak like a realist throughout the paper, but nothing essential hangs on this. It’s uncontro-
versial that color, mass, and other properties are associated with spaces of values, even if it’s controver-

sial how to understand the nature of those spaces.
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the property location-within-s.” Conversely, whenever we talk of dimensions of a prop-
erty, we can also talk about dimensions of the associated property space. For example,
the property color is associated with the space of color values. Given this translation
scheme, I'll freely move back and forth between talking about dimensions of F and di-
mensions of the space of F-values.

Dimensional Analysis: In physics, ‘dimension’ is most prominent in dimen-
sional analysis, a method for analyzing the relationships between different physical
quantities. In these contexts, the dimension of a quantity Q (a) specifies the basic quan-
tities from which q is derived, (b) abstracts away from specific units of measurement,
and (c) is expressed as a product of powers. For example: ‘The dimension of velocity is

length over time (L/T).”™

You might be tempted to think that the basic quantities in the
dimensional analysis sense of ‘dimension’ just are the ways of varying with respect to
the target quantity. But the example of velocity shows this isn’t correct: neither length
nor time are ways of varying with respect to velocity. Instead, the dimensions of veloc-
ity—in the sense I'm interested in—are speed and direction. I'll later argue thatif Dis a
dimension of F, then anything with an F-value has a D-value. But notice that things with
velocity values (material objects) aren’t things that have length values (at least not in
the relevant sense) or time values.

Dimensions vs. Parameters: In some philosophical contexts, the expression ‘di-
mension of F’ has been used to mean (roughly) an input to the function that determines
F-values. For example, if welfare is a function of pleasure, knowledge, and friendship,
then pleasure, knowledge, and friendship have been called “dimensions of welfare.” I'll
later explain why this is distinct from my target sense of ‘dimension’, and I'll disambig-
uate by using the term ‘parameter’ to express this other notion. In §8, I'll discuss the
relationship between dimensions and parameters in more detail, and I'll explain how
the distinction clarifies a variety of philosophical questions.

Mathematics: In mathematics, the term ‘dimension’ has various definitions, de-

pending on the kind of mathematical object under consideration.” But in each case, the

° A related sense of ‘dimension’ concerns the spatial measurements of an object: ‘The dimensions of the
box are 2”x12”x7.’ Less often, ‘dimension’ is used to refer to “parallel planes of existence”: “This alien
came from the 5" dimension!’. I think both these senses relate to the sense of ‘dimension’ I'm interested
in, but I won’t try to analyze the connections.

10 See Jalloh [2023] and Jacobs [2024] on dimensional analysis.

' The most prominent include definitions for vector spaces (number of basis vectors needed to generate
the space), topological spaces (smallest n such that each point has a neighborhood homeomorphic to R”),
graphs (smallest dimensionality of Euclidean space in which the graph, with unit edges, is representable),
partial orders (smallest number of total orders whose intersection generates the partial order), and rings

(longest chain of prime ideals).
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definition specifies a measure over a class of mathematical objects, which outputs a
number (specifying the dimensionality of that mathematical object). These definitions
are obviously relevant to the n-dimensionality question.” But they have no obvious
bearing on the ways-of-varying question. Even if we know how to measure the dimen-
sionality of the space of F-values, we won’t automatically know which properties are di-
mensions of F. To answer that question, we need a better understanding of the structural

principles connecting dimensions and their kinds. That’s the topic I'll turn to next.

82  Ways of Varying

Occasionally, I'm asked what it is for something to be a dimension simpliciter.”” But I
tind myself unsure of what is being asked. For the sense of ‘dimension’ I'm targeting,
questions about dimensions should be relativized to kinds. Instead of asking the mo-
nadic question of what it is for something to be a dimension, we ought to instead ask
the relational question of what it is for some D to be a dimension of some F.

I'll use dimension relation to express the relation in virtue of which one property
is a dimension of another. To embark on our exploration of the dimension relation, let’s
start with some basic observations that can serve as desiderata for an analysis. From the

tact that hue is a dimension of color, we might infer the following:

(1) Everything with a color value has a hue value.

(2) Nothing with a single color value has multiple hue values.
(3) All differences in hue are differences in color.

(4) Some colored things differ in hue values.

(5) Notall differences in color are differences in hue.

I believe these observations capture some of the structural connections between dimen-

sions and kinds. These connections can be expressed schematically:

2 However, for reasons I discuss in other work (on the n-dimensionality question), even the answer to
that question cannot simply be offloaded to mathematics.

3 In some cases, the idea is that for D to be a dimension is for D to have a certain kind of intrinsic structure,
such as magnitude or metric structure. But as I discuss later, there’s arguably no kind of internal structure

that’s essential for D to be a dimension of F.
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UNIVERSALITY Everything with an F-value has a D-value.
INCOMPOSSIBILITY Nothing with a single F-value has multiple D-values.
VARIABILITY All p-differences are F-differences.

? ASPECTUALITY Not all F-differences are D-differences.

¢ MULTIPLICITY Some things with F-values differ in D-values.

I've put question marks beside MULTIPLICITY and ASPECTUALITY because those prin-
ciples concern edge cases. In particular, MULTIPLICITY rules out dimensions that have just
a single value, and ASPECTUALITY rules out dimensions that are structurally equivalent to
their kinds. While both principles are intuitive, I think the choicepoint of whether to ac-
cept them ought to turn partly on questions about how to best formalize the dimension
relation. As a comparison, consider how similar choicepoints arose for whether to define

‘part’ and ‘subset’ reflexively or irreflexively. I'll return to this pointin §5.

Structural Principles
I'll now briefly motivate each principle mentioned above, continuing to use color as my
main example.

UNIVERSALITY: Let orange be a determinate of color that corresponds to a proper
subset of color space. Intuitively, orange isn’t a dimension of color; instead, it’s a deter-
minate of color. If your initial intuitions diverge, then ensure that you aren’t thinking
instead of orangeness (meaning the degree to which an object is orange, which is intui-
tively a dimension of color) rather than orange (meaning a certain region of color space).
Whereas every colored object has an orangeness value, not every colored object has an
orange value. For example, something that’s absolute black has an orangeness value
(presumably zero), butit doesn’t have an orange value (since absolute blackisn’t a value
within the orange region of color space). Without UNIVERSALITY, we wouldn’t be able to
secure this result."

INCOMPOSSIBILITY: This principle ensures that the values of a dimension (a) be-

long to the same category, and (b) don’t overlap with each other. For example,

 You might worry that UNIVERSALITY precludes some ordinary ascriptions of dimensions. It’s natural, for
example, to say that cardiovascular strength is a dimension of health. Yet plants—which lack hearts—
can still be healthy. However, I think such cases are better explained by quantifier domain restriction: the
initial context is implicitly restricted to humans, rather than all organisms. If we were to give up UNIVER-
SALITY, then we would be faced with an unpalatable proliferation of dimensions. For example, just as
plants don’t have hearts, humans don’t have roots, tentacles, or thoraxes, and so don’t have values with
respect to root structure, tentacle length, or thorax density. But it seems unreasonable to count all those

as dimensions of health (at least if we’re considering all organisms with health values).
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INCOMPOSSIBILITY precludes red, sweet, and loud from each counting as distinct values
along a dimension (since an individual can be red, sweet, and loud). It also precludes
redss, red, and colored from each counting as distinct values along a dimension (since
redss, red, and colored overlap). In fact, INCOMPOSSIBILITY arguably follows from a more
general principle concerning properties: namely, that the maximally determinate values
of a property must exclude each other.

VARIABILITY: Let hue x shape be the set of conjunctions of hue values and shape
values. For example, the values of hue x shape include red A square, red A round, green
A square, and so forth. Intuitively, hue x shape isn’t a dimension of color. This is because
shape is independent of color. Hence, not all variations in hue x shape are variations
with respect to color. If x is red A round and y is red A square, then x and y differ with
respect to hue x shape, but x and y don’t differ with respect to color. To satisfy the idea
that dimensions are ways of varying with respect to a property, we need VARIABILITY."

ASPECTUALITY and MULTIPLICITY: As mentioned earlier, ASPECTUALITY and MULTI-
PLICITY rule out edge cases. ASPECTUALITY captures the idea that dimensions are always
more coarse-grained than their kinds. MULTIPLICITY captures the idea that dimensions
must be ways of varying. In every paradigm example where some D is a dimension of
some F, both ASPECTUALITY and MULTIPLICITY are satisfied. Yet as I noted earlier, there may
nevertheless be some theoretical advantages to relinquishing these principles. For the
time being, however, I'll continue treating these principles as desiderata for a theory of

dimensions.

Intrinsic Structure
The principles above specified structural relations between dimensions and their kinds.
But you might wonder whether there’s any kind of intrinsic structure that’s essential to
dimensions. Suppose all we know is that D is a dimension of some F. What can we
thereby infer about the structure of b?

Many invocations of dimensions implicitly assume some answer to this ques-

tion. For example, it’s frequently assumed that dimensions must be degreed, or have

* You might worry that VARIABILITY can’t accommodate cases where changes along multiple dimensions
cancel each other out. Consider, for example, an axiology where moral value is determined by welfare
and equality, and where an increase in welfare can be exactly compensated by a decrease in equality,
meaning that two worlds might be exactly the same in value yet have differing proportions of welfare
and equality. This may appear to be a case where a D-difference (welfare) needn’t yield an r-difference
(value). But I'll later argue that this conflates dimensions with what I'll call ‘parameters’, where the pa-
rameters of F are the inputs to the function that determines F-values. The axiology described above is

better classified as a view where value is unidimensional but has multiple parameters.



dimensions as quotients 10

zero values, or have metric structure. But none of these kinds of structures is built into
the concept DIMENSION. I'll illustrate using a few classes of counterexamples.

Multidimensional Dimensions: Some dimensions are themselves multidimen-
sional. While this may initially sound slightly paradoxical, it aligns with our ordinary
and theoretical uses of ‘dimension’. For example, direction is a dimension of velocity,
titness is a dimension of health, and openness is a dimension of personality. Yet direc-
tion, fitness, and openness are each multidimensional. As a more philosophical exam-
ple, consider two-dimensional semantics: it’s obvious that both the primary and sec-
ondary dimensions of meaning are themselves multidimensional. Dimensions are ways
of varying wrt a kind, and ways of varying can themselves be multidimensional.

Non-Linear Dimensions: Some dimensions have cyclical (rather than linear)
structures. For example, hue—a dimension of color—is commonly taken to have the
structure of a circle. And direction—a dimension of velocity—has the structure of a
sphere. This means that there are no canonical orderings or privileged zero points
amongst hue values and direction values. Therefore, dimensions needn’t have degree
structure or zero values.

Ordinal Dimensions: Some dimensions have ordinal (rather than interval, ratio,
or absolute) structure.' For example, educational degree (BA, MA, PhD, etc.) might be
taken to be a dimension of academic achievement. But there’s no sense in asking
whether the distance between PhD vs. MD is greater than the distance between MA vs.
MSc. Educational degree has ordinal structure, rather than a stronger measurement
scale.

Nominal Dimensions: Some dimensions have merely nominal structure, mean-
ing the space of values is merely an unstructured set. For example, suppose we’re decid-
ing on which electronic files to transfer, and the relevant factors are file format (pDF,
.docx, etc.) and file size (number of kb). Then it’s natural to say that file format is one
dimension of file type, even though there may be no additional structure on the space of
tile formats.

Categorical Dimensions: Some dimensions are categorical, meaning they have
just two values (naturally thought of as “on”/”off”). For example, suppose we’re US bor-
der agents deciding who to let into the country, and the only criteria guiding our deci-
sions are (a) whether the person is a US citizen, and (b) the person’s net worth. In such
a context, it’s natural to say that citizenship is a dimension of immigration qualifica-
tions, even though citizenship is a categorical property.

The General Lesson: If all we know is that D is a dimension of F, then we can infer

almost nothing about the intrinsic structure of D-space. This is methodologically

16 See Stevens [1946] for the standard taxonomy on measurement scales.
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important. It indicates that the interesting structural properties of dimensions are ex-
trinsic—relating dimensions and their kinds—rather than intrinsic. This also means
that a general analysis of dimensions ought not assume that the properties have any
particular kind of intrinsic structure. Instead, we need to think about abstract structural

properties that are applicable to any kind of mathematical space.

83 Partitions

Here’s an observation that will serve as a stepping stone for my eventual analysis:

Observation: Whenever D is a dimension of F, D partitions the space of F-values. For
example, hue partitions color: it’s possible to divide color space into
cells, where each cell consists of all color values associated with the

same hue value.

A partition is a way of dividing a set into a collection of disjoint non-empty sub-
sets such that each element is in exactly one of those subsets. Partitions are generated
by an equivalence relation (a relation that’s reflexive, transitive, and symmetric). Each
equivalence class—called a “cell”—consists of exactly the elements that stand in that
equivalence relation to each other. The diagram below depicts a partition on a disk-
shaped space:

FIGURE2: A partition.

As a mathematical example, the natural numbers N can be partitioned by parity,
meaning whether a number is odd or even. Two natural numbers 7 and m stand in the
relevant equivalence relation just in case either both are even or both are odd. Hence,
this equivalence relation places every natural number into either the even cell or the odd

cell. To denote the equivalence relation that generates a partition, it’s standard to use
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the symbol ~. To denote the space that results from partitioning N by ~, we write N/~.
Hence, N/~ is the division of N into two cells, “odd” and “even.”

A property D partitions a property F just in case D generates an equivalence rela-
tion over the space of F-values. The relation is equivalence with respect to D. That is, F-
values F; and F, are equivalent wrt D just in case F; and F, determine the same D-value.”
For example, one way of partitioning color space is by equating all color values that are
exactly the same in hue (abstracting away from differences in saturation and bright-
ness). Each cell in the partition then corresponds exactly to a hue value. A partition over
F, in general, is a way of abstracting over certain differences in F-values.

There’s a close relationship between dimensions and partitions. Whenever Dis a

dimension of F, D generates a partition over F-space. This invites the following view:

The Partition Analysis

Dis adimension of F := D-spaceis a partition of F-space.

The partition analysis is especially attractive when we see that it can satisfy all
of the earlier criteria for a theory of the dimension relation. Consider the following rela-
tionships between the elements of a space (which correspond to F-values) and the cells

of a partition (which correspond to D-values):

UNIVERSALITY Each element is in exactly one cell.
INCOMPOSSIBILITY No element is in multiple cells.

VARIABILITY Different cells determine different elements.
MULTIPLICITY Some elements are in distinct cells.
ASPECTUALITY Not all elements are in distinct cells.'®

Yet the partition analysis cannot be the end of the story. Partitions are defined in
merely set-theoretic terms. But in nearly all cases of interest, both the kinds and the di-

mensions under consideration aren’t merely sets, but instead spaces, meaning sets

7 'll understand the entailment relation intensionally: for r-values to entail D-values is for it to be the

case that necessarily, any two things with the same F-value must have the same D-value. This is equiva-
lent to the claim that D-values metaphysically supervene on F-values. Accordingly, two F-values F: and F,
entail the same D-value just in case necessarily, anything with F has the same D-value as anything with
Fa.
8 . . .. .

To satisfy MULTIPLICITY and ASPECTUALITY, we need to exclude the trivial partitions. In particular, MULTI-
PLICITY requires excluding the trivially coarse partition that equates all F-values, while ASPECTUALITY re-

quires excluding the trivially fine partition where each cell contains only a single F-value.
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equipped with some structure. Moreover, whenever some D is a dimension of some F,
the structure of D-space seems systematically related to the structure of F-space. A the-
ory of dimensions ought to explain how to think about these structural connections.
This indicates that the partition analysis is still missing a key piece of the puzzle.
Nevertheless, the partition analysis is fundamentally on the right track. There’s
a natural way of strengthening it that satisfies the above desideratum. The solution lies

in the concept of a quotient.

84 Quotients

A quotient—informally—is a way of collapsing together elements to generate a simpler
version of a space. Put another way, quotients abstract away from some distinctions
while preserving a chosen kind of structure.

The term ‘quotient’ has a number of mathematical definitions, each local to a
specific kind of structure. For example, there are distinctive definitions for groups, vec-
tor spaces, topological spaces, metric spaces, and partial orders. The mathematical de-
tails vary from case to case, depending on the kind of object being quotiented. But the
common core is an operation thatinvolves both abstraction and structure-preservation.

In a moment, I'll explain quotients in more detail. But let me first state my an-

swer to the ways-of-varying question:

The Quotient Analysis

Disadimensionof F := D-spaceisa quotient of F-space.

I argued earlier that an analysis of dimensions ought to be applicable to a wide
range of structures: discrete and continuous, linear and cyclical, geometric and alge-
braic. I've also argued that an analysis of dimensions ought to focus on the extrinsic
structural relationship between dimensions and their kinds, rather than on the intrinsic
structures of dimensions themselves. The quotient analysis—as we will see—satisfies
both desiderata.

It’s impossible, in this article, to explain the many mathematical details of quo-
tients. But I'll focus on explaining enough for readers to understand the basic mathe-

matical ideas behind the quotient analysis.
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A Primer on Quotients”

Let’s start with some core concepts relevant to any quotient construction:

the source space the space of F-values
the quotient space the space of D-values
the quotient map the structure-preserving function g : F — D

A quotient space D may be thought of as a collapsed version of its source space F.
The collapse is defined by the quotient map g, a surjective (though usually not injective)
function from F-space to D-space. The quotient map g induces a partition over F-space,
where the equivalence relation ~ is defined as follows: F; ~ F, iff g (F;) = g(F2). The follow-
ing diagram illustrates these relationships via a quotient operation from color space to
hue space:

. €, .
an equivalence ach €quivalence (|
class of color Mapped o 5 g;
values e

ss of colors jg
ngle hye

map (q)
—

quotient map

Color Space (F) Hue Space (D)

source space quotient space

FIGURE 3: A quotient construction.

It’s worth noting that the term quotient is polysemous. ‘Quotient’ can mean (1)
the quotient space D, (2) the quotient map ¢, (3) the operation of applying g to F, result-
ing in D, or (4) the partitioned space F/~. These ambiguities are mostly harmless, since
there are systematic relationships between these interpretations. When it’s important
to disambiguate, I'll use ‘quotient space’, ‘quotient map’, ‘quotienting’, or ‘partitioned
space’.

¥ Interestingly, there are two approaches to defining quotients. The first—which I explain in this sec-
tion—is through structure-preserving functions, which involve mapping F-space to D-space via a surjec-
tive structure-preserving map q that captures all the structure of D-space. The second—which I explain
in the APPENDIX—is through structure-inheriting partitions, which involve partitioning F-space and then
inducing structure on that partition from the original F-space. These turn out to be mathematically
equivalent up to isomorphism. Because of this, mathematical discussions of quotients often treat these

as two perspectives on the same basic idea.
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Quotients are closely related to partitions. Every quotient induces a partition. In
fact, it’s often useful to identify quotients by their corresponding partitions. In some
contexts, quotients are even defined as partitions that inherit structure according to
some principled rules.?® To simplify the discussion, I'll focus here only on defining quo-
tients in terms of structure-preserving maps (see the APPENDIX for a characterization of
quotients via partitions).

Whether any arbitrary partition induces a quotient is a delicate question. The
reason is that the concept of a quotient is structure-relative. When we ask whether D is
a quotient of F, we need to specify the kind of structure under consideration in order to
make the question precise. In the limit, if we care only about set-theoretic structure,
then every partition yields a quotient (since for sets, quotients just are partitions). But
for other kinds of structure—including algebraic operations, order relations, and geom-
etries—arbitrary partitions may not preserve the relevant kind of structure.

This leads to a choicepoint for the quotient analysis. On a restrictive version of
the view, only partitions that preserve the relevant kind of structure over F-space yield a
dimension of F. On a permissive version of the view, every partition over F-space yields
a dimension of F, though many of these partitions will relinquish certain kinds of struc-
ture.” The restrictive view makes the concept of a dimension more structurally demand-
ing. Butit also raises questions about exactly which kinds of structure must be preserved.
It’s not obvious how to answer this, since dimensions sometimes abstract away from
one kind of structure while preserving another kind. For example, velocity has the struc-
ture of a vector space, and direction is a dimension of velocity, but direction lacks the
structure of a vector space. Those skeptical that there’s a principled way to define which
kind of structure-preservation is needed may find themselves more drawn to the per-
missive view.*

To understand quotients, we need to understand the concept of a structure-pre-

serving map. But the definition of a structure-preserving map varies across

20 There’s a subtle metaphysical question about the relationship between the quotient space (D) and the
partitioned space (F/~). Is each D-value literally an equivalence class of F-values? The answer turns on
whether we draw distinctions between properties whose values are intensionally equivalent and whose
spaces are isomorphic to each other. My official view is that dimensions are quotient spaces, but I'll leave
open how these relate to partitioned spaces.

2 As far as I can tell, uses of ‘quotient’ in mathematics underdetermine these two senses. This is because
nearly all discussions of quotients occur in specific mathematical contexts, where what’s of interest is
whether the structure associated with that mathematical category is preserved. Even in category theory,
whether an object is a coequalizer may depend on the category under which one interprets that object.
221 lean towards the permissive view, for similar reasons to why I favor universalism (about composi-
tion), plenitude (about modal profiles), and abundance (about properties).
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mathematical domains. Common definitions include homomorphisms (algebraic
structures), monotone maps (ordered sets), continuous maps (topological spaces), non-
expansive maps (metric spaces), and linear maps (vector spaces). Because of this vari-
ance, the definition of ‘quotient’ also varies across mathematical domains. Nevertheless,
these definitions are all unified by a universal definition of ‘quotient’, found in category
theory.” The basic idea is that a quotient is a minimal way of collapsing a pair of struc-
ture-preserving maps.

A quotient map is a special kind of structure-preserving map. The intuitive idea
is that a quotient map ¢q : F — D must not only be structure-preserving, but must also
capture all of the codomain’s elements (meaning the function is surjective) and relations
(meaning the function is final—there is no additional structure in the codomain beyond
those captured by the domain).** Put another way, every D-value must be the image of
an F-value under ¢, and D-space must have no additional structure beyond that which is

preserved under q. A quotient space can then be defined as follows:

D-space is a quotient of F-space =4  there exists a surjective, final structure-

preserving map q:F— D

This primer—though brief—is enough to cover the core mathematical ideas. But
to capture the whole story, I need to also say a few things about how the mathematics

connects to the metaphysics.

From the Mathematics to the Metaphysics
There’s an elegant way to bridge the mathematics with the metaphysics. The key insight
comes from thinking about relations: a concept that will be familiar to both mathema-

ticians and metaphysicians.

2 The relevant concept is that of a ‘coequalizer’, which generalizes the definitions of ‘quotient’ in specific
mathematical categories (sets, vector spaces, topological spaces, rings, etc.). More technically, a coequal-
izer is a morphism ¢ : Yy — Q that’s universal with respect to the following property: for some pair of mor-
phismsf:x—yvandg:X—vY,gof=gqog. Theintuitive idea is that a coequalizer of morphisms f and g is
the minimal way of collapsing together f and g. See Mac Lane [1998] for a classic text on category theory.
24 To make this precise, we need to also assign each space a signature, an ordered tuple of the structure
(relations, operations, functions, etc.) on the set. This allows us to define which structure in the domain
corresponds to which structure in the codomain. For example, the signature enables each F-relation to

be matched with a corresponding D-relation.
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Every property space is structured by relations, such as relations of similarity and
magnitude.” For example, the geometry of color space comes from the similarity rela-
tions between color values. Furthermore, both saturation values and brightness values
stand in magnitude relations, which generates the ordinal structure of those spaces. And
color qualities may also stand in other relations, such as vivacity or precision.*

This observation allows us to think about any property space as a relational
space, meaning a set of elements endowed with some relations. The elements are the
values of the property, and the relations are the kinds of higher-order relations ex-
pressed above. For relational spaces, structure-preserving maps are relational homo-
morphisms, meaning functions where relations in the domain are mirrored by relations
in the codomain.”” More specifically, a map q is a relational homomorphism just in case
whenever a relation holds between some values F, ..., F,, the corresponding relation
holds between the images of those F-values under q. When this condition is satisfied,
the map q “preserves the relations” over F-space.

Relational spaces are one of the most general ways of thinking about mathemat-
ical spaces. In fact, any mathematical space can, in principle, be characterized as a rela-
tional space.”® And in philosophical work on “structuralism,” structure is often charac-
terized in terms of relations. Because of this, it’s reasonable to think that the mathemat-
ical category of relational spaces is the kind of mathematical structure most relevant for
the metaphysics of property spaces.

When mathematicians think aboutrelational spaces, however, they aren’t think-
ing about relations in metaphysical terms. In non-mathematical contexts, relations are
polyadic properties: for example, ‘taller than’, ‘more similar to’, and ‘between’ all express

relations. By contrast, the relations that occur in mathematical contexts are purely

% The limit case concerns property spaces that have merely set-theoretic structure. But even in those
cases, we can define the set of relations over that space as the empty set.

26 See Lee [2021] on a formal framework for modeling precision in quality-spaces.

7 More technically, q : F — D is a homomorphism iff for any relations r (over F-space) and R’ (over D-space),
R(Fy vy Fn) — R'(q(F1), -y q(Fn)).

28 Usually, the relations that characterize relational structures are understood as on/off entities: for any
n-adic relation and any n-tuple of individuals, either those individuals instantiate the relation or not.
This leads to puzzles about how to relationalize geometrical structures, where there’s a multitude of dis-
tinct relations that are all structurally related. For example, in a metric space, there may be infinitely
many distinct distances, each of which will be associated with a distinct relation. I suspect that the solu-
tion is to think of relations—Ilike any other property—as associated with spaces of values. For example,
just as color is a property with many values (specific colors), distance is a relation with many values (spe-
cific distances). This approach to relational structures makes them a more powerful tool for uniting var-

ious kinds of mathematical structures. For limits of space, however, I won’t develop this idea in detail.
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mathematical in nature. As an analogy, think about how points in mathematical spaces
needn’t be interpreted as any particular kinds of objects. Instead, points are dummy ob-
jects, individuated purely by the structural roles that they play.

If we understand quotients in a purely mathematical way, however, then we run
into a problem with the metaphysics. The problem is this: any properties F and G will,
from a purely mathematical point of view, stand in exactly the same quotient relations.
Suppose, for example, that both duration and length have the structure of R+. Then the
space of duration values is isomorphic to the space of length values. But we obviously
wouldn’t want these properties to stand in exactly the same dimension relations.

The solution is to think of the relations as interpreted, rather than as purely for-
mal. In other words, the relevant relations are the metaphysical relations that structure
F-space and D-space, rather than purely mathematical relations that characterize the
corresponding purely mathematical spaces. This ensures that isomorphic properties
won’t stand in exactly the same dimension relations. Whereas mathematicians care
only about distinctions up to isomorphism, metaphysicians care also about the natures
of the target elements and relations. By appealing to metaphysical relations between
properties—such as those associated with similarity, magnitude, and precision—we
can interpret quotients as capturing metaphysical (rather than only mathematical)
structure.

You might wonder which metaphysical relations are the ones that need to be pre-
served. That’s a deep and important question. Butit’s also a question that turns on more
general issues that lie beyond the scope of this paper.”” A starting point, for this paper,
is that properties are associated with spaces of values, and that we have some
knowledge of the structures of these spaces. For example, it’s a reasonable datum that
we know that color space has a certain geometric structure, and that velocity space has
a certain vector space structure. The metaphysical relations discussed in this section are
whichever relations structure property spaces.

The move developed above enables the quotient analysis to be sensitive to the
nature—and not merely the structures—of the target properties. This enables us to re-
cover the right dimension relations between properties. Furthermore, this allows us to
better capture the sense in which quotients involve abstracting away from a structure in

order to generate a simpler version of that very same structure.

2 1 suspect a complete answer will require appealing to both measurement theory (to explain how to
associate properties with mathematical structures) and metasemantics (to explain how we can know
that the properties we denote actually have the structures we ascribe to them).
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Applying the Analysis

To apply these ideas to a concrete example, let’s consider how the quotient analysis
works in the case of hue and color. Let g be a map from color space (F) to hue space (D),
where each color value is mapped to its corresponding hue value. Intuitively, this map
preserves the structure of hue while abstracting away from saturation and brightness.
But does it satisfy the definition of a quotient?

Since every hue value will be the image of an equivalence class of color values
(namely, all those that entail that hue value), it’s obvious that g is surjective. Further-
more, the relations that structure hue space will always be applicable to the correspond-
ing color values. For example, hue values stand in similarity relations that are naturally
modeled by angular distance, measured by how far apart two hue values are along the
hue circle. And these angular distance relations apply just as well to color values. Fur-
thermore, whenever color values F; and F, stand in some angular distance relation, their
images D; and D, will likewise stand in those same relations. In more intuitive terms, the
similarity relations that capture hue space are mirrored by similarity relations in color
space. These observations illustrate how the map ¢ will be surjective, final, and struc-
ture-preserving. From this, we can conclude that g is a quotient map from color space to
hue space.

It’s easy to see that other examples of dimension and their kinds will follow a
similar pattern. For example, consider speed and velocity. Suppose we partition the
space of velocity by speed, meaning we equate all velocity values that are the same in
speed. Then the partitioned space preserves the magnitude structure of speed while ab-
stracting away from the angular structure of direction. Likewise, the map g from velocity
values to speed values preserves magnitude relations while abstracting away from di-
rectional relations. Therefore, speed is a quotient of velocity.

In general, the quotient analysis of dimensions says that for D to be a dimension
of F is for there to be a final surjective structure-preserving map ¢q from F-space to D-
space. But the relevant notion of structure-preservation concerns not only purely math-
ematical relations that characterize the mathematical structure of the relevant spaces,
but also the metaphysical relations (such as similarity and magnitude) that define these

property spaces.

Dimensions as Quotients

You might wonder, at this point, what a counterexample to the quotient analysis would
look like. A natural strategy is to find a case where some D is intuitively a dimension of
some F, yet where the space of D-values cannot be recovered by quotienting the space of

F-values. This would require D to be structurally richer than F, in some respect. But in
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every intuitive example where some D is intuitively a dimension of some F, the structure
of D-space is more coarse-grained than the structure of F-space. If this pattern is invari-
ant across every example of a dimension, then it ought to be captured by an analysis of
the dimension relation. The quotient analysis captures the pattern.

You might also wonder whether there are examples where D-space is a quotient
of F-space yet where D isn’t obviously a dimension of F.>° I'm open, in principle, to a the-
ory of dimensions that imposes additional restrictions. But the challenge is to find con-
straints that (i) apply across a comparably wide variety of mathematical structures: al-
gebraic and geometric, discrete and continuous, linear and cyclical, and (i7) analyze the
dimension relation in terms of a natural structural kind. Unless there’s a plausible re-
striction that retains the generality and naturalness that makes quotients attractive in
the first place, 'm inclined to stand by the quotient analysis.

It’s worth noting that the quotient analysis doesn’t appeal to notions such as es-
sence, grounding, or naturalness.” However, it also doesn’t preclude an appeal to such
notions to develop more metaphysically robust versions of the quotient analysis. For ex-
ample, one might think that the structural relationship captured by the quotient analy-
sis must hold in virtue of the essences of D and F.

As with the partition analysis, it’s easy to verify that each of the structural prin-
ciples expressed earlier—UNIVERSALITY, INCOMPOSSIBILITY, VARIABILITY, MULTIPLICITY, and
ASPECTUALITY—can be satisfied. The first three principles follow straightforwardly from
the quotient analysis (in analogous ways to the partition analysis). The last two princi-
ples turn on whether we permit the trivially coarse and trivially fine quotients—a point
I'll return to in the next section. In my mind, it’s remarkable that a universal mathemat-
ical concept can account for each of these structural principles. After all, the principles
were developed as intuitive criteria that served as desiderata for a theory of dimensions.
The fact that each criterion can be recovered by the quotient analysis illustrates the ele-

gance of the view.

39 One class of cases is where F is one-dimensional yet permits non-trivial quotients. For example, con-
sider electric charge, which is often taken to have the structure of R. It’s possible to quotient R into three
equivalence classes, which contain (1) all negative numbers, (2) zero, and (3) all positive numbers. The
result is a quotient that inherits R’s order structure (since positive > zero > negative). But that quotient
still strikes me as a reasonable example of a dimension: it’s natural to call polarity (positive vs. zero vs.
negative) a dimension of charge.

311 suspect there’s no universal answer as to whether dimensions or their kinds are more fundamental.
Given this, I think an analysis of dimensions ought to let us to settle those questions on a case-by-case

basis.
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The key virtue of the quotient analysis (over the partition analysis) is that it cap-
tures the ways in which the structures of dimensions are systematically connected to
the structures of their kinds. The quotient analysis captures these connections using a
universal mathematical concept.

I began this paper by noting that dimensions are—roughly—ways of varying
with respect to a kind. The quotient analysis allows us to take this rough idea and make

it formally precise.

85 The Dimension Relation

Suppose we accept the quotient analysis. We can now explore some of the formal prop-
erties of the dimension relation. To start, I want to consider two edge cases of dimen-
sions, corresponding to the two trivial kinds of quotients. These can be defined by their

corresponding partitions:

The Identity Quotient: VFVF: Fi~Fiffr=F
The Singleton Quotient:  VFVF: Fi~F

Hence, the identity quotient (the trivially fine quotient) equates no distinct F-values,
meaning that every F-value is its own equivalence class. Here the resultant quotient
space is F-space itself. On the other hand, the singleton quotient (the trivially coarse
quotient) equates every F-value, meaning there’s only one equivalence class over the
whole space. Here the resultant quotient space corresponds to a maximally determinate
property that’s instantiated just in case any F-value is instantiated. We can likewise de-

fine the corresponding “dimensions”:

Dis an identity dimensionof F =,  D-space is an identity quotient of F-space

Dis a singleton dimension of F =,  D-spaceis a singleton quotient of F-space

Should we include these in a theory of the dimension relation? The choicepoint
corresponds to the question of whether to accept ASPECTUALITY and MULTIPLICITY. To ac-
cept ASPECTUALITY is to reject identity quotients (since those generate a quotient space
that’s equivalent to the original space).”” To accept MULTIPLICITY is to reject universal

quotients (since those generate a quotient space with just a single value).

32 Actually, this turns on some further questions about property individuation. But I'll assume that if

and G are both intensionally equivalent and structurally isomorphic, then F = G. If we accept this, then
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To some extent, this is a verbal question, rather than a substantive metaphysical
stance. After all, no matter which we take to be the “official” definition, we can still draw

the following distinctions:

Dis a proper dimension of F =4f  Dis anon-trivial quotient of F

Dis an improper dimension of F =4  Dis a (possibly trivial) quotient of F

It may initially feel odd to think of the edge cases—involving identity quotients
and singleton quotients—as counting as dimensions. But think about how it likewise
feels odd when one first learns to think of the parthood and subset relations as reflexive.
The motivations for the improper definitions of ‘part’ and ‘subset’ don’t come from our
ordinary judgments. Instead, the motivation is that those definitions yield more elegant
formal frameworks. In my view, the question of how to best formalize the dimension
relation ought to be treated analogously.

It turns out, in fact, that the improper definition yields a more elegant formal
framework for dimensions. To start, the improper definition makes the dimension rela-
tion reflexive, transitive, and anti-symmetric: the properties definitive of a partial order.
Reflexivity holds because of the identity quotient. Transitivity holds because any com-
position of quotients is itself a quotient. Anti-Symmetry is more delicate: it requires a
moderately coarse view of properties. But if we accept that properties that are both in-
tensionally equivalent and structurally isomorphic are identical, then quotient symme-
tries will entail identity.

In fact, on the improper definition of ‘dimension’, every property F is associated
with a dimensional lattice. A lattice is a partial order where every pair of elements has a
unique supremum (least upper bound) and unique infimum (greatest lower bound).
The elements of the lattice are dimensions of F. Equivalently, the elements can be
thought of as quotients over F-space. The order structure is defined by the dimension
relation: in particular,D<F =4 Disadimension of F. The supremum is the identity quo-

tient, and the infimum the singleton quotient. Here’s a diagram of a very small lattice:

proper dimensions can be defined as those that respect ASPECTUALITY and MULTIPLICITY, while improper

dimensions include also dimensions that violate those principles.
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identity
quotient

collapses
shape .

collapses
... color

color shape

collapses collapses
color shape

singleton
quotient

FIGURE4: A dimensional lattice.

This yields an elegant hierarchy of dimensions. Every property is associated with
a hierarchy of dimensions, which come in varying levels of fineness and coarseness.
However, this analysis might also invite a worry—which I turn to next—about the rela-

tionship between the quotient analysis of dimensions and the notion of dimensionality.

An Inequality

I previously distinguished the following two questions:

ways-of-varying; What is it for some D to be a dimension of some F?

n-dimensionality: What is it for some F to be n-dimensional?

The quotient analysis is an answer to the ways-of-varying question. But you
might worry that this answer has unpalatable implications for the n-dimensionality
question. For example, color space is three-dimensional. But there are many ways to

quotient color space. In general, the quotient analysis entails the following inequality:

INEQUALITY

dimensionality(F) # number of D’s such that Dis a dimension of F
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This may initially seem surprising. But in my view, it’s a result we ought to embrace
(even if we were to set aside the quotient analysis). A dimension, at first pass, is a way of
varying with respect to a kind. But there are many cases where there are more than n
ways of varying wrt an n-dimensional property. For example, it’s hard to deny that both
hue and redness are dimensions of color. But once we permit both of those, we ought to
also permit saturation and brightness (since those accompany hue) and greenness,
blueness, blackness, whiteness, and so forth (since those arguably stand or fall with red-
ness). This means there are many properties—much more than three—that stand in the
dimension relation to color. Yetit’s uncontroversial that color is three-dimensional. The
best resolution, in my view, is to accept INEQUALITY.

This doesn’t mean that there’s no connection between dimensionality and the
dimension relation. The connection, in my view, can be clarified by thinking about di-
mensionalization, meaning the assignment of dimensions to a property. For example,
hue, saturation, and brightness is one way of dimensionalizing color, while red/green,
blue/yellow, black/white is another way of dimensionalizing color. While there are
countless properties that are dimensions of color, any adequate dimensionalization of
color will assign exactly three properties.

I explore questions about dimensionalization in more detail in other work. But
here’s a brief overview of the basic idea. To dimensionalize a property F is to take a step
in constructing a model of F, meaning a mathematical representation of the space of F-
values. The best models of F are those that optimize the balance between simplicity
(roughly, number of dimensions postulated by the model) and strength (roughly, pro-
portion of r-differences captured by the model). Since optimal models of color always
postulate three dimensions, color is three-dimensional. But since there are many ways
of quotienting color space, there are countless properties that stand in the dimension
relation to color. Any of these properties may be selected when dimensionalizing color,
though only collections of dimensions that maximize the ideal of orthogonality (defined
in terms of degree of free recombinability between values) will be adequate dimension-

alization of color.

86 Dimensions vs. Parts

Here’s an intriguing—though speculative—idea: the dimension relation is the “meta-
physical dual” to the parthood relation. Each is a basic way of extracting something sim-
ple from something complex.

This idea can be made more precise by thinking about the mathematical struc-
tures associated with each relation. I'll argue that this metaphysical duality—between

dimensions and parts—is justified by a mathematical duality—between partitions (or
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quotients) and subsets (or subobjects). The picture that results generates a pleasing

symmetry between these metaphysical concepts.

Partitions vs. Subsets

To illustrate, think about sets. There are two ways to “simplify” a set. The first is by tak-
ing a subset. This cuts away a portion without collapsing any distinctions. The second
is by taking a partition. This collapses some distinctions without cutting any portion.

Of course, there’s a close relationship between these operations. Any subset ca-
nonically induces a partition: namely, a binary partition that divides a setinto the subset
and its complement. Any partition canonically induces a set of subsets, where each sub-
set corresponds to a cell of the partition. But this merely illustrates the kind of mathe-
matical duality I have in mind.

It turns out that this mathematical relationship runs much deeper. A partition,
as I've explained, is closely related to a quotient. In fact, it’'s common to think of quo-
tients as partitions that inherit structure from their source spaces. Therefore, dimen-
sions are associated with partitions, while parts are associated with subsets. But quo-
tients, as I've noted, are basically partitions with structure-inheritance. You might then
wonder: is there a mathematical concept that stands to subsets as quotients stand to

partitions?

partitions  : quotients
subsets : ?

Before I answer, let me raise another question. In mathematics, a concept that
recurs across different contexts is duality. As examples, consider the modal operators O
and <, or the logical operators A and V, or injections vs. surjections, or infimums vs.
supremums. The basic idea is that duality arises when there’s a systematic correspond-
ence between structural roles. In category theory, the notion of duality can likewise be
generalized, where this means (roughly) reversing the directions of the arrows in a def-
inition. This definition of duality can recover the duality in local contexts, such as the
ones expressed above. Now, I also mentioned earlier that the concept of a quotient has
a universal definition, expressible in the language of category theory. This leads another
question: is there a mathematical dual to the concept of a quotient?

The answer—to both questions—is a subobject. This means—roughly—an ob-
ject that’s contained within another object. This includes subsets (in set theory), sub-

groups (in group theory), subspaces (in topology), subposets (in order theory), and
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subgraphs (in graph theory). Just as quotients are basically partitions with structure-
inheritance, subobjects are basically subsets with structure-inheritance.

The duality between quotients and subobjects can also be illustrated by thinking
about the associated mappings. A quotient map, as noted previously, is a structure-pre-
serving map that’s both surjective (all elements in the codomain are mapped to) and final
(there is no additional structure in the codomain). A related concept, when thinking
about subobjects, is an embedding. This can be defined as a structure-preserving map
that’s both injective (distinct inputs map to distinct outputs) and initial (there is no ad-
ditional structure in the domain). The following diagram depicts the difference between

embeddings and quotients:

dimension
—
part quotient
—_—
embedding

FIGURE5: Embeddings vs. Quotients.

For limits of space, I won’t go into the details of subobjects in this paper. But the
analogies—as well as the explanation of how quotients relate to partitions—ought to
be enough to see why this indicates a metaphysical duality between dimensions and
parts.

Therefore, dimensions stand to partitions stand to quotients as parts stand to
subsets stand to subobjects. This generates a pleasing symmetry between dimensions
and parts, and an elegant way of connecting both of these basic metaphysical relations

to general mathematical kinds.*

Dimensions vs. Parts
The analogies between dimension and parts can be developed further. When thinking
about dimensions, it’s important to think also about kinds and values. What are the cor-

responding concepts for parthood? Here’s a hypothesis:

3% The ideas here might be compared to Koslicki [2008], who develops a structured analysis of the par-
thood relation. On her view, objects are structured wholes whose parts must be arranged in a certain way.
The mathematical notion of a subobject might be seen as a formal counterpart to this idea.
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dimensions : kinds : values
parts : wholes : atoms

The dimension relation relates dimensions and kinds; the parthood relation re-
lates parts and wholes. Every property comes with a space of values (the basic units of
properties that have no further determinates); every particular comes with a set of at-
oms (the basic units of particulars that have no further parts). For any kind F, we can
define an associated domain of F-values; for any whole x, we can define an associated
domain of x-atoms.

To make the comparison fully analogous, we would need to understand atoms in
a relativized way, where atoms are relativized to wholes. Early on, I drew a distinction
between values and realizers, where the values of a property can themselves be multiply
realized. Similarly, instead of understanding an x-atom as an atom simpliciter, it might
instead be understood as an atom relative to x. Just as two objects can differ microphys-
ically without differing wrt F, two objects can differ microphysically without differing
wrt x>

The table below depicts all the relationships I've discussed (dimension terms are

in blue, parthood terms are in red, and neutral terms are in black):

. . unstructured structured
metaphysical relation . . . .
mathematical relation mathematical relation
aspect dimension part partition subset quotient subobject
complex kind whole set space
unit value atom element element

FIGURE 6: Dimensions vs. Parts.

These remarks express some initial comparisons between dimensions and parts.
But there’s much more to explore here. If my hypothesis is correct—if there are indeed
these dualities within the metaphysics and the mathematics—then there’s a whole re-
search program to be developed on these connections between the mathematics and the

metaphysics.

3 This isn’t the standard way of understanding a mereological atom. But it strikes me as a sensible and

underexplored way of thinking, and draws a closer analogy between dimensions and parts.
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§7  Multiplicity Structures

Multidimensionality is sometimes conflated with other kinds of “multiplicity struc-

tures.” Here’s a brief list of definitions:

Fis multidimensional =4,  there are multiple ways of varying wrt F.
F-pluralism =4  there are multiple kinds denoted by ‘F’.
Fis determinable =4  there are multiple F-values.

Fis a genus =4  there are multiple species of F.

These are all distinct.* In what follows, I'll briefly clarify the relationship between mul-
tidimensionality and the other kinds of structures. In the next section, I'll discuss a more

subtle distinction between dimensions and “parameters.”

Pluralism
F-pluralism 7 Fis multidimensional
Fis multidimensional ¥ F-pluralism

Just because there are multiple kinds of Fs doesn’t mean there are multiple ways in
which Fs can vary from each other. As an example, everyone agrees that velocity is mul-
tidimensional (speed and direction), but nobody thinks that there are multiple kinds of
velocity. Hence, multidimensionality doesn’t entail pluralism. As another example, al-
most nobody who endorses pluralism about truth thinks that truth is multidimensional
(instead, even pluralists about truth tend to think that there are only two truth-values).

If F is multidimensional, then (by UNIVERSALITY) anything with an F-value has a
value along each of the dimensions of F. But someone who endorses pluralism about F
doesn’t need to think that every instance of F is an instance of each kind of F. For exam-
ple, one might be a value pluralist, in the sense that one thinks that multiple kinds of
things (say, pleasure and knowledge) are valuable. But that doesn’t mean that each in-

stance of value has some degree of pleasure and some degree of knowledge.

3% But these structures are also sometimes conflated. For example, Hedden & Munoz [2024] seem to

equate value pluralism, value multidimensionality, and value multiparametricity.
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Determinability

Fis determinable H Fis multidimensional
Fis multidimensional = Fis determinable

Fis determinate = Fis zero-dimensional

A determinable is a property that has multiple values, or determinates.>® For exam-
ple, color is a determinable, and each specific color—redas, greeny;, etc.—is a determi-
nate of color. If there are multiple ways of varying with respect to F, there must be at the
very least two distinct values of F,*” which entails that F is determinable. But F can be
determinable without being multidimensional. For example, mass is determinable
(there are many mass values) but unidimensional. Furthermore, questions about deter-
minability underdetermine questions about multidimensionality. For example, the
mere fact that color is a determinable (with each color value as a determinate) leaves
open the dimensionality of color. In order to extract the dimensionality of color, we
would need to know not only the determinates of color, but also the structural relations
between those determinates.

On the other hand, any property that’s determinate has, by definition, only one
value. But single-valued properties just are zero-dimensional properties. Hence, there’s
a close connection between being superdeterminates and zero-dimensionality. You
might object by noting that some zero-dimensional properties—say, being a table—
don’t seem to be superdeterminate. But this objection conflates a property having a sin-
gle value with a property having a single realizer. Nearly every property is multiply real-
izable, in that there are distinct states of affairs in virtue of which that property is in-
stantiated. But not all those properties are multivalued: it’s not the case that for any
multiply realizable F, it’s possible for x and y to vary wrt .

You might wonder whether we could understand dimensions of Fas (non-maxi-
mal) determinates of F. For example, redness is a dimension of color, and redness is also

a determinate of color. But this trades upon two distinct interpretations of ‘redness’: (1)

3¢ See Wilson [2023].

3 Why two values? Well, if r is multidimensional, then F must have at least two proper dimensions. Sup-
pose, then, that D; and D, are both proper dimensions of F. Then D; and D, must each have at least two
values. Now, if D1 and D2 each have two values, then it’s natural to think that there must be at least four
possible values of F (since 2 x 2 = 4). But since dimensions needn’t be orthogonal, it’s possible that both
(1) the first value of D1 is incompossible with the first value of D, and (2) the second value of D, is incom-
possible with the second value of D,. That rules out two possibilities amongst the four permutations of
D: and D; values, leaving two remaining possibilities. Hence, it’s possible for F to be multidimensional

while having only two values.
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as a way of varying wrt color, vs. (2) as a region of color space. Consider, for comparison,
hue (which doesn’t admit of the same ambiguity). There’s no sense in which hue is a
determinate of color, since there’s no subregion of color space that we could identify
with hue. Furthermore, there’s no subregion of color space that is devoid of hue values,
since every color value is associated with hue values. Hence, while both dimensions and
determinates are properties, it’s never the case that a dimension of F can be identified

with a determinate of F.

Genus/Species
sis a species of G = -(sis a dimension of G)
D is a dimension of F = -(D is a species of F)

In other words, the dimension relation is mutually exclusive from the ‘species of’ rela-
tion. To elicit some initial intuitions, consider how human is a species of (but not a di-
mension of) mammal, and how hue is a dimension of (but not a species of) color.

The reason is that distinct species of a genus exclude each other (human and wal-
rus are both species of the genus mammal, but nothing is both a human and a walrus),
while distinct dimensions of a property must be co-instantiable (since both hue and sat-
uration are dimensions of color, anything that is colored must have both a hue value and
a saturation value). More abstractly, if both B and c are species of A, then B and ¢ must
have disjoint extensions. By contrast, if both D, and D, are dimensions of F, then every
individual with an F-value has both a p;-value and a D,-value.

There are also other differences between the genus/species relation and multidi-
mensionality. Usually, both genuses and species are denoted using sortal terms, which
can be combined with determiners (‘the F, ‘an F, etc.). For example, ‘the mammal’ or
‘the walrus’ is used to denote individual entities that fall under the category mammal or
walrus. By contrast, we rarely use determiners to denote individuals that have values
with respect to dimensions. For example, ‘the hue’ doesn’t denote individual entities

that have hue values, but instead hue values themselves.

88 Dimensions vs. Parameters

I'want to close by drawing an important but underexplored distinction between dimen-

sions and “parameters.” Let me start with an observation:

a puzzling Some philosophers claim that moral value is multidimensional

observation because it’s a function of welfare and equality. Yet moral value, on

such views, is often represented using scalars (the elements of a
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one-dimensional scale). The idea is that the dimensions of value
(welfare and equality) aggregate to yield overall value (measured
by scalars). Butif value is best represented using scalars, then how

could it also be multidimensional?

The puzzle is general. There are some Fs where it’s claimed both that (1) Fis multidimen-
sional, and (2) F-space has the structure of a one-dimensional scale. But these claims
seem straightforwardly contradictory.

To resolve the puzzle, we need to distinguish the concept of a dimension from
the concept of a parameter. Drawing this distinction will not only clarify a verbal confu-
sion, but will also enable us to identify a systematic structural relationship between two
structural concepts. In turn, this will have consequences for philosophical debates about

aggregation and comparability.

Dimensions vs. Parameters

In mathematics, an argument of a function is sometimes called a parameter. A function
with multiple parameters is thus a function that takes in multiple inputs. When think-
ing about mathematical functions, there’s little risk of confusion between (1) the num-
ber of parameters of a function, and (2) the dimensionality of its codomain. For example,
a multiparametric function—such as f(x, y) = x + y—might have R as its codomain, and
a uniparametric function—such as f(x) = (x, x)—might have R* as its codomain.

In philosophy, the term ‘parameter’ doesn’t have a standard meaning. But it’s
worth coining the term, because there’s a philosophical concept that plays an analogous
role to the mathematical concept. Sometimes, values along a property F are a function of
values along multiple parameters. Furthermore, a number of philosophical discussions
have used the term ‘dimension’ to express this concept.’® Butit’s important to disentan-

gle dimensions from parameters:

38 For some examples, see Hedden & Munoz [2024], D’Ambrosio & Hedden [2024], Hedden & Nebel
[2024], and D’Ambrosio & Stoljar [ms]. In each of these works, the term ‘dimension’ is used to express
what I'm calling a parameter: namely, an input to the function that determines overall F-values. For ex-
ample, Hedden & Mufioz [2024] define dimensions of value as “distinct respects in which a thing can be
good or bad, to which overall value is responsive,” and D’Ambrosio & Hedden [2024] treat the “dimen-
sions” of a multidimensional adjective F as inputs to an aggregation function that yields overall F-ness
verdicts. In the terminology I'll later introduce, these are parameters of F° rather than dimensions of F.
My arguments in this section aren’t intended to undermine the ideas in these papers, butinstead to draw

a distinction that clarifies the target subject-matter.
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II

Dis a dimension of F Dis a way of varying wrt F.

=  D-spaceis a quotient of F-space.

Pis a parameter of F ~  p-values areinputs to the function that determines F-

values.*

If moral value is determined by aggregating welfare and equality, then welfare
and equality are each parameters of moral value. But from that, it doesn’t follow that
either welfare or equality are dimensions of moral value. In fact, if we grant that moral
value is best represented using a one-dimensional scale, it’s reasonable to infer that nei-
ther welfare nor equality are dimensions of moral value.

There are many other examples that disentangle dimensions from parameters.
Consider: (a) density is scalar, yet a function of mass and volume, (b) expected utility is
scalar, yet a function of utility and probability, and (c) Gpra is scalar, yet a function of
grades in each of one’s courses. In each case, the target kind is typically represented us-
ing a subset of R. That’s evidence that the kind itself is one-dimensional, even though
values along that kind are determined by multiple parameters.*

To evaluate whether a property is a parameter (and not a dimension) of F, it’s
useful to appeal to VARIABILITY: if D is a dimension of F, then D-differences are r-differ-
ences. Consider: two objects x and y can differ in both mass and in volume without dif-
fering in density. As long as the ratio of mass to volume is the same, x and y have the
same density. Therefore, neither mass nor volume satisfy VARIABILITY wrt density. This
indicates mass and volume aren’t dimensions of density. But since density just is mass
over volume, mass and volume are parameters of density. Analogous considerations ap-

ply to the other examples mentioned above.

3 've purposefully left open the metaphysical relation connecting parameters to their kinds. One option
is to understand determination in modal terms. But another option is to appeal to a stronger relation,
such as grounding. This strikes me as an attractive way to precisify the notion of a parameter, but I'll leave
open which analysis is best. My main goal is not to develop a final analysis of parameters, but instead to
explain how parameters are conceptually distinct from dimensions.

“®What'’s the relationship between parameters and the sense of ‘dimension’ at stake in dimensional anal-
ysis? Well, the latter sense of ‘dimension’ is usually defined as a property of quantities, but parameters
needn’t be restricted to quantities. Also, the dimension of a quantity (in dimensional analysis) is ex-
pressed as a product of powers, but the parameters of F needn’t be related to each other in such a way.
Nevertheless, perhaps the notion of a parameter can generalize the sense of ‘dimension’ at stake in di-

mensional analysis.
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A Structural Analysis of Parameters

There are some systematic structural relationships between dimensions and parame-
ters. But to identify those connections, we need to first make the notion of a parameter
more precise. To do that, we might adopt the same approach that we took earlier for
dimensions, where we identify some structural principles that relate parameters and
their kinds.

It turns out—remarkably—that a natural way of precisifying the notion of a pa-
rameter comes from inverting the structural principles that we defined earlier for dimen-
sions. The inversion comes from swapping the role of the kind with the role of the di-
mensions/parameters. Furthermore, we need to not only swap dimensions with param-
eters, but we need to also formulate the principles as concerning a complete set of pa-
rameters (rather than just a single parameter) for the target kind r.* Let P = {p,, P, ..., Py}
be such a set, where each p-value is itself a specification of values along each p;. Then

consider the following:

UNIVERSALITY* Everything with a P-value has an F-value.
INCOMPOSSIBILITY*  Nothing with a single P-value has multiple F-values.
VARIABILITY* All r-differences are p-differences.

ASPECTUALITY™ Not all p-differences are F-differences.

MULTIPLICITY™ Some things with p-values differ in F-values.

There’s a pleasing symmetry when we compare these principles to the earlier
principles characterizing dimensions. In my view, the systematicity of this transfor-
mation is evidence that we have found another structural duality. That is, there’s one
way in which dimensions and parts are duals (quotients and subobjects are mathemat-
ical duals), but another way in which dimensions and parameters are duals (through the
dual definitions of these structural principles).** This is also evidence that questions

about parameters may be as rich as questions about dimensions (and parts).

“'What does ‘complete’ mean? Well, one answer is that a complete set includes all the parameters of F.
But that might be overkill, since it might be the case that many parameters overlap (and so including all
will be massively redundant). A more minimal option is to define a set of parameters p: as complete rela-
tive to F just in case each Ps-value uniquely determines an F-value.

“2Does this mean that the concept of duality is itself polysemous? That’s an interesting question, and the
answer isn’t obvious. In the present context, however, it seems to me that there’s a common core when
thinking about parts as duals vs. parameters as duals. My analysis of dimensions involves both a mathe-
matical operation (quotients) and a set of propositions involving quantifiers and modal operators (the
structural principles). The dual of quotients yields the mathematical analogue of parthood; the collection
of the duals of the principles yields the structural principles for parameters.
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Just as we drew a distinction between proper vs. improper dimensions, we can
draw an analogous distinction between proper vs. improper parameters. The distinc-
tion, like before, turns on whether we require or relinquish ASPECTUALITY* and MULTIPLIC-
1TY*. In what follows, I'll focus only on proper parameters and proper dimensions (omitting
‘proper’ in the prose).

Proper dimensions and proper parameters are mutually exclusive. More pre-
cisely, if D is a proper dimension of F, then D isn’t a proper parameter of F, and if P is a
proper parameter of F, then P isn’t a proper dimension of F. For parameters, the many-
to-one function goes from the space of parameters to the space of F-values. For dimen-
sions, the many-to-one function goes from the space of F-values to the space of D-values.
In this sense, dimensions stand in an inverse relationship to parameters.

Although proper dimensions and proper parameters are mutually exclusive,
some properties may be both multidimensional and multiparametric. Consider health:
it’s plausible both that there are multiple ways of varying wrt health and multiple pa-
rameters that determine something’s health value. Perhaps one reason that multidi-
mensionality and multiparametricity are sometimes conflated is because many proper-
ties fall under both categories. Other common examples, such as beauty, creativity, and
athleticism, seem to exhibit similar patterns.

Obviously, it’s beyond the scope of this paper to analyze parameters in as much
detail as dimensions. Instead, I'll focus on how dimensions and parameters relate to
each other. More specifically, I'll explain how thinking about the structural relationships
between dimensions and parameters can sharpen our understanding of a number of

philosophical topics, including aggregation and comparability.*’

Aggregation
Some philosophers have assumed that if F is multidimensional, then the dimensions of
F must aggregate to yield overall F-scores.** However, many multidimensional proper-
ties aren’t aggregative. For example, personality is multidimensional, but the dimen-
sions of personality (such as openness and extraversion) don’t aggregate to yield “over-
all personality scores.” Even if you have a higher value than me along every dimension
of personality, that doesn’t mean you have a “higher personality score” than me!
Instead, aggregation is a mark of multiparametricity. If F-values aggregate to
overall F-scores, then there must be multiple parameters that are combined to deter-

mine overall F-scores. To make sense of overall F-scores, however, we need a function

431 suspect the distinction between dimensions and parameters will have further applications, such as
to the literature on multidimensional adjectives. For limits of space, I won't explore these here.
** For a classic example, see Broome [1991]. For a recent example, see Hedden & Nebel [2024].
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from the space of F-values to a one-dimensional scale. To denote the property associated
with that scale—which we might call overall F-ness—T’ll use the convention F° (pro-

nounced ‘F-circle’). Alongside F°, it’s useful to define a few other concepts:**

the F-scale a one-dimensional space of F-scores
an F-score an overall F-ness value, as a result of aggregating values along
the dimensions of F

F° the property whose values are F-scores

The relationships between these concepts mirror the relationships between F-

space, F-values, and F. These relationships are illustrated in the following diagram:

.
..,

.
.
..,
.
.

multidimensional eeccccccc P unidimensional

F‘Space aggregation F’Scale
function

FIGURE7: FVS.F°.

Now we are in position to identify a deeper relationship between dimensions and
parameters. Consider a multidimensional property F whose values aggregate to scores
along property F° (the F-scale). Let D be a dimension of F. What is the relationship that D
stands in to F°?

The answer: D is a parameter of ¥°! To illustrate with another example, consider
athleticism.*® Suppose that speed, strength, and skill are each dimensions of athleticism,
and that these aggregate to yield an overall athleticism score. Then there’s athleticism®,

the unidimensional property whose values are athleticism scores. And what relation do

5 Notice these definitions leave open whether overall F-scores must be interpreted as degrees of F. It’s
obvious that degrees of overall F-ness are a central concern when thinking about aggregation. But it
seems to me possible to think about aggregation in a more abstract way. Given this, I think it’s better to
leave open what kind of structure is built into the notion of an overall F-score.

46 This example features in D’Ambrosio & Hedden [2024].
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speed, strength, and skill stand in to athleticism®? The answer is they are each parame-
ters of athleticism®.

Once we distinguish F from F°, we are in position to see that dimensions and pa-
rameters are related in systematic ways. An elegant picture emerges when we identify
some of the principles connecting dimensions, parameters, properties, and scales. Sup-

pose F aggregates to F°. Then:

Dimensions = Parameters

Dis a dimension of F © D is a parameter of F°.
Therefore:

Multidimensionality = Multiparametricity

F is multidimensional < F°is multiparametric.

Now we have the conceptual resources to diagnose the Puzzling Observation
from earlier. The puzzle, as we saw, arose from a conflation between dimensions and
parameters. When I first drew this distinction, it may have seemed obvious: after all, the
number of inputs to a function fis clearly a distinct concept from the dimensionality of
f's codomain.

But once we identify the relationship between dimensions and parameters, we
can appreciate why the conflation is tempting. If F aggregates to F°, then the dimensions
of F are parameters of F°. This makes it tempting to slide between dimensions and pa-
rameters. But the slide involves a subtle shift in the target kind: from F (F-space) to F°
(the F-scale). The very same property can play both the dimension role and the parame-
ter role, but only relative to different target kinds.

The subtlety also comes from the fact that our language for talking about prop-
erties is often underspecified. When we use the term ‘F, there’s often systematic ambi-
guity between F vs. F°, or F-space vs. the F-scale, or the space of F-values vs. the space of
F-scores. This makes appeals to dimension especially precarious when theorizing about

aggregation, since the dimensions of F are precisely the parameters of F°.

Comparability
The distinction between dimensions and parameters can also clarify philosophical

questions about comparability. Let’s say that F is comparable just in case for any x and y
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with F-values, either x > y or x <; y or x = 9. A number of philosophers have thought
that there’s a connection between multidimensionality and comparability. But what ex-
actly is the connection?

If Fis multiparametric, then there aren’t any obvious consequences for compara-
bility. After all, the mere fact that there are multiple parameters determining F-values
leaves open the structure of F-space: the space of F-values could be totally ordered, or
partially ordered, or even unordered. While sometimes multiple parameters aggregate
to a unidimensional ordered space, other times the target space of the parameters will
have a different structure.

What about multidimensionality? It may be tempting to think that multidimen-
sionality entails incomparability. But that would be too quick. In order for comparability
to even make sense, the relevant property must be degreed, and not all multidimen-
sional properties are degreed (consider color). Furthermore, even degreed multidimen-
sional properties can be comparable (consider velocity). Therefore, generating incom-
parability requires at minimum multiple degreed dimensions.

Suppose, however, that F is multidimensional, and that r has multiple degreed
dimensions. Then it’s plausible that the space of F-values will be at best partially or-
dered.*® Thisis because there’s no canonical ordering on a multidimensional space (with
multiple degreed dimensions). More precisely, the intrinsic structure of F-space won’t
itself determine how to trade off along the dimensions of F to yield overall F-scores. In-
stead, we need a function from F-space to an F-scale.

If the F-scale is itself totally ordered, then there’s a sense in which F will satisfy
comparability (or, more accurately, F° will satisfy comparability). But this means that
multidimensional degreed properties will satisfy comparability only when there’s the
right kind of aggregation function. Furthermore, this may require a unique aggregation
function: when there are multiple permissible aggregation functions from F to F°, there

may even still be a failure of comparability.*’

*7See Hare [2010] and Dorr, Nebel, & Zuehl [2023]. Relatedly, Chang [1997,2002] argues that some items
stand in a fourth value relation (“on a par”) that’s distinct from better, worse, and equal. The dimen-
sions/parameters distinction bears on this debate: the on a par relation is more naturally associated with
multidimensionality than with multiparametricity.

8 Multidimensionality, by itself, doesn’t entail incomparability. In order for comparability to even make
sense, the relevant property must be degreed, and not all multidimensional properties are degreed (con-
sider color). Furthermore, even degreed multidimensional properties can be comparable (consider ve-
locity). Therefore, generating incomparability requires at minimum multiple degreed dimensions.

9 See D’Ambrosio & Hedden [2024].
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Multidimensionality vs. Multiparametricity

Readers who have previously used the term ‘dimension’ to mean parameter might won-
der whether ‘dimension’ is polysemous, with one sense expressing parameters.*® I think
there are reasons to resist that conclusion.” But what matters more than the verbal
question is the structural distinction between dimensions and parameters, and coordi-
nating terminology so as to avoid confusion.

On my analysis, some of the recent literature that has used the label ‘multidi-
mensionality’ is best understood as work on multiparametricity. This doesn’t impugn
the work itself, but it does indicate a need for greater clarity in characterizing the target
concept. One reason is that multiparametricity is a narrower phenomenon than the la-
bel ‘multidimensionality’ may suggest: even paradigmatic examples of multidimen-
sional properties—such as color, spacetime location, and personality—needn’t be mul-
tiparametric. Furthermore, since the parameters of F° just are the dimensions of F, even
a theory of multiparametricity must appreciate the distinction between F-space and the
F-scale. Therefore, even those interested principally in parameters have reason to care
about my analysis of dimensions.**

If we use ‘dimension’ to express both dimensions and parameters, then we risk

theoretical confusion. This is because dimensions and parameters turn out to be

*0 There are interesting questions about how to think about the meanings of theoretical terms when there
is a distinctive pattern of use associated with a small body of researchers (see Lee & Mankowitz [2026]
for discussion in the case of ‘conscious’). I'm inclined to think that the fact that some academic subcom-
munities use ‘dimension’ to express parameters is enough to establish such a sense. Nevertheless, these
may be technical, rather than ordinary, senses of the term.

! While it’s beyond the scope of this paper to adjudicate this semantic question, I'll state a few brief
points on this. First, as far as I can tell, the most common uses of ‘dimension’ express the target notion of
this paper: a way of varying with respect to a kind. Second, as far as I can tell, the only contexts where
‘dimension’ is used to express parameter are the academic literatures I've mentioned (such as certain
ethics and semantics literatures). Third, sentences such as F is scalar / has the structure of R / varies in
only one respect and F is also multidimensional’ strike many as infelicitous. Fourth, in mathematics, ‘di-
mension’ is used to express measures of dimensionality—roughly, the number of ways of varying / de-
grees of freedom / directions of movement—rather than parametricity. Fifth, many paradigmatic exam-
ples of multidimensional properties—such as color and personality—aren’t multiparametric.

*2 For example, Hedden & Nebel [2024] define a concept F as multidimensional “just in case whether and
to what extent something is F depends on how it stands along multiple underlying dimensions.” Yet this
sentence seems to me to make three false claims! Even if Fis multidimensional, it needn’t follow that (1)
Finvolves aggregation, (2) F comes in degrees, or (3) whether something is F depends (non-trivially) on
how it stands along the dimensions of F. Color is a counterexample to all three claims: color isn’t aggre-
gative, color isn’t degreed, and whether something is colored doesn’t require it to have any particular
combination of hue, saturation, or brightness.
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systematically related—the dimensions of F are parameters of F°—yet they stand in an
inverse relationship. To use ‘dimension’ for both dimensions and parameters is analo-
gous to using a single term for both truths and facts, or reasons and causes, or determi-
nables and determinates.

The question of how to apply the label ‘dimension’ is verbal, but the distinction
between dimensions and parameters is substantive. This distinction in kind ought to be
mirrored by a distinction in terminology. I've offered a way of moving forward: distin-

guish ‘dimension’ from ‘parameter’.

Conclusion

I've explored a number of questions about the dimension relation. At the heart of this
paper is the quotient analysis: for D to be a dimension of Fis for the space of bD-values to
be a quotient of the space of F-values.

The basic idea of a dimension—a way of varying with respect to a kind—is intu-
itive. Yet the concept, in my view, turns out to express a deep mathematical relation:
namely, that of a quotient. This may initially feel surprising, since the mathematics of
quotients can become complex and intricate. But while the local details vary from case
to case, the common pattern—an operation involving abstraction and structure-preser-
vation—turns out to be one of the most universal mathematical concepts.

The quotient analysis reveals a number of structural connections that are worth
exploring. The duality between the dimension relation and the parthood relation sug-
gests that these two relations are—in a sense that can be made formally precise—com-
plementary ways of extracting something simple from something complex. Dimensions
stand to quotients as parts stand to subobjects. The distinction between dimensions and
parameters captures inverse relations between multidimensional properties and unidi-
mensional scales. The dimensions of F are the parameters of F°.

The ideas in this paper are merely the start of a larger line of inquiry. I've mostly
set aside questions about dimensionality and dimensionalization, and I've only begun
exploring the relationship between dimensions, parts, and parameters. But I hope I've
illustrated how the subject-matter of dimensions is rich, fertile, and exciting. A theory
of dimensions, in my view, promises to illuminate some long-standing philosophical

questions—and to reveal entirely new ones.
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APPENDIX: Quotients and Partitions

In the paper, I defined quotients via structure-preserving maps. But I noted that quo-
tients can also be defined via structure-inheriting partitions. This APPENDIX explains the
latter way of thinking about quotients.

A quotient—on this approach—starts with a partition. The partition, when
thinking about the dimension relation, is over the space of F-values. But a quotient not
only divides that space into equivalence classes, but also specifies how the partitioned
space inherits structure from its source space.

For most kinds of mathematical structures, only certain kinds of partitions count
as quotients. The question is whether the partition “respects the structure of the space.”
In such cases, the equivalence relation that generates the partition is called a congru-
ence. When a partition is generated by a congruence, the partition inherits structure
from the source space. But what counts as a congruence depends on the kind of structure
under consideration.

It’s beyond the scope of this paper to explain congruences across all mathemati-
cal domains. Just as with the notion of a structure-preserving map, the exact definition
varies across mathematical domains.>® Because of this—and for the reasons expressed
in §4—7’ll focus merely on explaining how structure-inheritance works for relational
spaces, meaning sets of elements endowed with some relations over those elements.

For relational spaces, structure-inheritance is defined by the “universal lift:” a
cell stands in a relation just in case each element in a cell stands in that relation. To de-
note the cell of the partition that contains value F;, I'll use ‘[Fi]’. Then, for any relation R,
we can define R([Fi], ..., [Fj]) as holding iff R(Fj, ..., Fj) for every combination of values across
[Fi], ..., [Fj]->* In other words, a tuple of cells stands in a relation just in case every corre-
sponding tuple of their elements stands in that relation.

To apply this to an example, consider again hue and color. Suppose we partition
color space by hue, so that F, ~ F, iff F; and F, determine the same hue value. The resulting
partition abstracts away from all differences in saturation and brightness, leaving intact
only differences in hue. Each equivalence class in the partition will preserve relations

between hue values while forgetting relations corresponding to brightness and

*3 Here are a few prominent examples. For topological spaces, the partitioned space is equipped with the
quotient topology, the finest topology that permits a continuous mapping from F-space to F/~. For par-
tially ordered sets, structure-inheritance is defined by the “existential lift,” where if F = F», then [R] = [F2].
For metric spaces, structure-inheritance is defined by equipping the partitioned space with the least-
distance metric, where the distance between two cells is defined as the infimum of the distances between

their elements.

5* More formally, R([F1], ..,[Fx]) <> VFi € [F]...VFn € [Fu] R(Fy, .., Fn).
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saturation values. More precisely, equivalence classes of the partition will stand in the
angular distances that characterize the hue circle.

There’s a deep connection between quotient maps, quotient spaces, equivalence re-
lations, and structured partitions. In brief, D-space is a quotient space of F-space just in
case there’s some equivalence relation ~ such that the structured partition £/~ is iso-
morphic to D. In other words, a quotient space of Fis structurally equivalent to a struc-
ture-inheriting partition of F. This idea can be expressed symbolically as follows (=

means ‘is isomorphic to’):**

Dis a quotientof F © A(g:F—D) : (F/~, = D),
where Fi~;F, © q(F1) = q(F2).

This elegant connection between quotient spaces and structured partitions jus-
tifies the two ways of defining quotients. If we care only about differences up to isomor-
phism, then quotient spaces and partitioned spaces are indeed distinct ways of looking

at the same mathematical object.

** This is a generalization of the First Isomorphism Theorem, a theorem in abstract algebra. See Burris &

Sankappanavar [1981] on the theorem, and Awodey [2010] on the categorical generalization of quotients.
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